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Abstract
The different ways of description of the S = 0 particle with oscillator-like interaction
are considered. The results are in conformity with the previous paper of S. Bruce and
P. Minning.
In connection with the publications of Moshinsky et al. [1] the interest in the model
with a S = 1/2 Hamiltonian that is linear in both momenta and coordinates [2] has
grown recently [3]. Analogous type of interaction has been considered for the case of
S = 0 and S = 1 Duffin-Kemmer field [4] and for the case of S = 0 Klein-Gordon
field [5].
In the paper [5] the operators ~Q, coordinate, and ~P , momentum, have been repre-
sented in n⊗ n matrix form
~Q = ηˆ~q, ~P = ηˆ~p, (1)
with ηˆ2 = 1. The interaction in the Klein-Gordon equation has been introduced in the
following way:
~P → ~P − imγˆΩˆ · ~Q, (2)
where for the sake of completeness Ωˆ is chosen by 3 ⊗ 3 matrix with coefficients
Ωˆij = ωiδij (the case of anisotropic oscillator). The γˆ matrix obeys the following
anticommutation relations:
{γˆ, ηˆ} = 0, γˆ2 = 1. (3)
The Klein-Gordon equation for Ψ(~q, t), the wave function which could be expanded in
two-component form, is then
− ∂
2
∂t2
Ψ(~q, t) =
(
~p 2 +m2~q · Ωˆ2 · ~q +mγˆ trΩ+m2
)
Ψ(~q, t), (4)
what gives the energy spectrum [5]
E2(a)Ni −m2 = 2m (ω1N1 + ω2N2 + ω3N3) , N1, N2, N3 = 0, 1, 2 . . .
E2(b)Ni −m2 = 2m (ω1(N1 + 1) + ω2(N2 + 1) + ω3(N3 + 1)) . (5)
It becomes, up to an additive constant, the spectrum of the anisotropic oscillator in
the non-relativistic limit.
However, the physical sense of implementing the matrices ηˆ and γˆ in [5] is ob-
scure. In this short communication we try to attach some physical foundations to this
procedure.
It is well-known some ways to recast the Klein-Gordon equation in the Hamiltonian
form [6]-[10]. First of all, the Klein-Gordon equation could be re-written to the system
of two coupled equations [8,p.98]
∂Ψ
∂xα
= κΞα,
∂Ξα
∂xα
= −κΨ, (6)
where κ = mc/h¯ (in the following we use the system where c = h¯ = 1). By means
of redefining the components they are easy to present in the matrix Hamiltonian form
1
(cf. with [11])
i
∂
∂t


φ
χ1
χ2
χ3

 =




0 p1 p2 p3
p1 0 0 0
p2 0 0 0
p3 0 0 0

+m


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1






φ
χ1
χ2
χ3

 , (7)
provided that
{
φ = i∂tΨ+mΨ
χi = −i▽i Ψ = ~piΨ. (8)
Using matrices
~α =


01⊗1 | i j k
−− −− −− −− −−
i |
j | 03⊗3
k |

 , β =


111⊗1 | 0
−−− −−− −−−
|
0 | −113⊗3
|

 (9)
(~i,~j, ~k are the orth-vectors of the Euclidean basis) and substituting analogously [1a],
i. e., ~p→ ~p− imωβ~r, we come to the equation for upper component
(E2 −m2)φ =
[
~p 2 +m2ω2~r 2 − 3mω
]
φ, (10)
what coincides with Eq. (10a) of ref. [5] in the case ω1 = ω2 = ω3.
The similar formulation also originates from the Duffin-Kemmer approach [12]. In
this case the wave function Φ = column(φ1, φ2, χi) is five-dimensional and its compo-
nents are 

φ1 = (i∂tΨ+mΨ)/
√
2
φ2 = (i∂tΨ−mΨ)/
√
2
χi = −i▽i Ψ = ~piΨ.
(11)
It satisfies the equation
i
∂Φ
∂t
=
(
~B~p+mβ0
)
Φ, Bµ = [β0, βµ]− (12)
(our choice of 5⊗ 5 dimensional β-matrices corresponds to ref. [4b]). As shown there,
the substitution ~p→ ~p− imωη0~r, where
η =


112⊗2 | 0
−−− −−− −−−
|
0 | −113⊗3
|

 , (13)
2
leads to the equation (10) for both φ1 and φ2. Let us remark, in both the approaches
based on Eq. (7) and the Duffin-Kemmer approach, Eq. (12), we have the equation
(E2 −m2)χi = (pi − imωxi)(pj + imωxj)χj (14)
for down components, which seems to not be reduced to oscillator-like equation.
Then, Sakata-Taketani approach [9, 10] is characterized by the equation which we
write in the form:
i
∂
∂t
Φ =
{
~p(τ3 + iτ2)~p
2m
+mτ3
}
Φ, (15)
with τi being the Pauli matrices. Φ = column(φ, χ) is a two-component wave function
with the components which could be written as following:{
φ = (Ψ + i
m
∂tΨ)/
√
2
χ = (Ψ− i
m
∂tΨ)/
√
2.
(16)
From the previous experience we learned that in order to get the oscillator-like
equation we need to do substitution with matrix which anticommutes with matrix
structure of the momentum part of the equation. In our case the matrix which has
this property is τ1 matrix. Therefore, we do the substitution
~p→ ~p− imωτ1~r (17)
and come to
E2ξ =
[
~p 2 +m2ω2~r 2 − 3mω +m2
]
ξ, (18)
where ξ = φ + χ and, to the analogous equation for η = φ − χ = E
m
(φ + χ). In the
process of calculations we convinced ourselves that the Hamiltonian
H = 1
2m
(
~p 2 +m2ω2~x 2 − 3mω
)
(τ3 + iτ2) +mτ3 (19)
is the same as in [4b,formula (3.9)] since τ1(τ3 + iτ2)τ1 = −(τ3 + iτ2) and (τ3 + iτ2)τ1 =
τ3 + iτ2.
Let us also recall the Dirac oscillator in (1 + 1) dimensions [13]. Curiously, the
formula (7) in (1 + 1) dimensions looks like as the Dirac equation in the case of the
choice of γ-matrices as following:
α = τx, β = τz . (20)
In the case of the choice of γ-matrices as in ref. [14], i. e.,
γ0 = τ1 γ1 = iτ3, (21)
in order to obtain the Dirac oscillator it is necessary to do substitution (17).
I am grateful to A. del Sol Mesa for discussions on the subject of this communica-
tion.
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